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Keynote speech:

Spectacular Successes of Deep Learning:

Why and What Next?

Vladik Kreinovich

Department of Computer Science, University of Texas,
El Paso, United States

Abstract: Successes of deep learning are partly due to appropriate selection of
activation function, pooling functions, etc. Most of these choices have been made
based on empirical comparison and heuristic ideas. In the �rst � why � part
of this talk, we show that many of these choices � and the surprising success
of deep learning in the �rst place � can be explained by reasonably simple and
natural mathematics.

In the second � what next � part, we present ideas on how to overcome
limitations of current deep learning techniques. One of these limitations is that,
in contrast to humans who can learn from a few examples and learn fast, modern
deep learning techniques require a large amount of data to learn, and they take a
long time to train. In this talk, we show that neural networks do have a potential
to learn from a small number of examples � and learn fast. We speculate that the
corresponding idea may already be implicitly implemented in Large Language
Models � which may partially explain their (somewhat mysterious) success.
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Virtual Assistant supported by Fusion of

Fuzzy Rule-based Explainers

Pablo Miguel Pérez-Ferreiro, Alejandro Catala, Alberto
Bugarín-Diz and Jose M. Alonso-Mora

Centro Singular de Investigacion en Tecnoloxías Intelixentes (CiTIUS),
Universidade de Santiago de Compostela, Spain.

e-mail: pablomiguel.perez@rai.usc.es, alejandro.catala@usc.es,
alberto.bugarin.diz@usc.es, josemaria.alonso.moral@usc.es

Abstract: In this work, we introduce a novel methodology for combining di�er-
ent explanatory inputs into a singular coherent narrative in the medical domain.
As proof of concept, we have implemented a prototype ready to diagnose dia-
betes and heart disease. The proposal is validated with a user study in which
we collected 48 valid responses to a given questionnaire. We compared four dif-
ferent strategies for explanation fusion, considering explanations coming from
two di�erent fuzzy rule bases. The winner strategy (i.e., verbalizing common
antecedents as the main factors of the diagnosis and adding any non-common
antecedents as supporting evidence) was perceived as trustworthy, useful, and
natural by most participants in the study.

Keywords: Explainable Fuzzy Systems · Natural Language Generation ·
Trustworthy Conversational Agents · Human Evaluation.

Acknowledgement: All authors acknowledge the support of the Galician
Ministry of Culture, Education, Professional Training and University (grants
ED431G2023/04 and ED431C2022/19) and the European Union (European
Regional Development Fund - ERDF). This work is also supported by the Span-
ish Ministry of Science and Innovation (MCIN/AEI/10.13039/501100011033/)
with grants PID2021-123152OB-C21, PID2020-112623GB-I00, and TED2021-
130295B-C33 (this also funded by the �European Union NextGenera-
tionEU/PRTR�.
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Fuzzy Weighted Shapley Values Based on

Nearest Neighbor Classi�cation

Marcin Ostrowski1, Janusz Rze¹niczak3, Jan Budzianowski2,
Paweª Burchardt3,4 and Katarzyna Kaczmarek-Majer1

1 Systems Research Institute Polish Academy of Sciences, Newelska 6, 01-147 Warsaw,
Poland.

e-mail: Marcin.Ostrowski@ibspan.waw.pl, k.kaczmarek@ibspan.waw.pl
2 Nowa Sól Multidisciplinary Hospital, 67-100 Nowa Sól, Poland.
3 Department of Cardiology, J. Stru± Hospital, 61-285 Pozna«, Poland.
4 Department of Hypertension, Angiology and Internal Medicine, Pozna« University
of Medical Sciences, 61-848 Pozna«, Poland.

Abstract: In this study, we propose a novel modi�cation of the Exact Shapley
Values Based on Nearest Neighbor Classi�cation method that incorporates fuzzy
logic to better account for uncertainty in datasets. The modi�cation introduces
a fuzzy weight vector computed using the Fuzzy K Nearest Neighbor algorithm,
which improves the computation of Shapley values for pseudo-labeled instances.
This approach aims to better re�ect the relevance of observations and mitigate
the e�ects of data uncertainty. The method was validated on a real-world pilot
study of 654 patients diagnosed with acute coronary syndrome. In the dataset
used, one of the problems encountered in clinical practice, data uncertainty,
emerged. The results show that the K-FVSNN method achieves competitive
performance and maintains robust results even with up to 90% missing labels in
the training set. These results highlight the potential of the K-FVSNN method
for handling uncertain data in medical applications. Future work will explore
its application to other datasets and further re�nements to the weight vector to
improve its generalizability.

Keywords: Shapley Values · semi-supervised learning · classi�cation · missing
data · medical data.

Acknowledgement: The project �ExplainMe: Explainable Arti�cial
Intelligence for Monitoring Acoustic Features extracted from Speech�
(FENG.02.02-IP.05-0302/23) is carried out within the First Team programme
of the Foundation for Polish Science co-�nanced by the European Union under
the European Funds for Smart Economy 2021-2027 (FENG).

References

1. Kursa, M.B., Rudnicki, W.R.: Feature Selection with the Boruta Package. J. Stat.
Softw. 36(11), 1-13 (2010). doi:10.18637/jss.v036.i11

doi:10.18637/jss.v036.i11


5 Book of Abstracts � ESCIM 2025

2. Chapelle, O., Scholkopf, B., Zien, A.: Semi-Supervised Learning (Chapelle, O. et
al., Eds.; 2006) [Book reviews]. IEEE Trans. Neural Netw. 20(3), 542-542 (2009).
doi:10.1109/TNN.2009.2015974

3. Lenz, O.U., Peralta, D., Cornelis, C.: Polar Encoding: A Simple Baseline Approach
for Classi�cation With Missing Values. IEEE Trans. Fuzzy Syst. 32(5), 3084-3093
(2024). doi:10.1109/TFUZZ.2024.3367419

4. Courtnage, C., Smirnov, E.: Shapley-Value Data Valuation for Semi-supervised
Learning. In: Soares, C., Torgo, L. (eds.) Discovery Science, pp. 94-108. Springer,
Cham (2021). doi:10.1007/978-3-030-88942-5

5. Ghorbani, A., Zou, J.: Data Shapley: Equitable Valuation of Data for Machine
Learning. arXiv preprint (2019). https://arxiv.org/abs/1904.02868

6. Jia, R., Dao, D., Wang, B., Hubis, F.A., Gurel, N.M., Li, B., Zhang, C., Spanos, C.J.,
Song, D.: E�cient Task-Speci�c Data Valuation for Nearest Neighbor Algorithms.
arXiv preprint (2020). https://arxiv.org/abs/1908.08619

7. Lundberg, S., Lee, S.-I.: A Uni�ed Approach to Interpreting Model Predictions.
arXiv preprint (2017). https://arxiv.org/abs/1705.07874

8. Amini, M.-R., Feofanov, V., Pauletto, L., Hadjadj, L., Devijver, E., Maximov,
Y.: Self-Training: A Survey. arXiv preprint (2024). https://arxiv.org/abs/2202.
12040

9. Shapley, L.S.: A Value for n-Person Games. In: Kuhn, H.W., Tucker, A.W. (eds.)
Contributions to the Theory of Games II, pp. 307-317. Princeton University Press,
Princeton (1953).

10. Triguero, I., García, S., Herrera, F.: Self-labeled techniques for semi-supervised
learning: taxonomy, software and empirical study. Knowl. Inf. Syst. 42, 245-284
(2015). https://api.semanticscholar.org/CorpusID:1955810

11. Yarowsky, D.: Unsupervised Word Sense Disambiguation Rivaling Supervised
Methods. In: Proceedings of the Annual Meeting of the Association for Computa-
tional Linguistics (1995). https://api.semanticscholar.org/CorpusID:1487550

12. Van Engelen, J.E., Hoos, H.H.: A survey on semi-supervised learning. Mach. Learn.
109, 373-440 (2019). https://api.semanticscholar.org/CorpusID:254738406

doi:10.1109/TNN.2009.2015974
doi:10.1109/TFUZZ.2024.3367419
doi:10.1007/978-3-030-88942-5
https://arxiv.org/abs/1904.02868
https://arxiv.org/abs/1908.08619
https://arxiv.org/abs/1705.07874
https://arxiv.org/abs/2202.12040
https://arxiv.org/abs/2202.12040
https://api.semanticscholar.org/CorpusID:1955810
https://api.semanticscholar.org/CorpusID:1487550
https://api.semanticscholar.org/CorpusID:254738406


Book of Abstracts � ESCIM 2025 6

Logarithmic Number System Is Optimal for

AI Computations: Theoretical Explanation

of an Empirical Success

Olga Kosheleva, Vladik Kreinovich, Christoph Lauter and
Kristalys Ruiz-Rohena

University of Texas at El Paso, El Paso TX 79968, USA
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Abstract: Current AI systems are very successful, but they are not perfect,
they need to be trained better. Training modern AI systems requires a tremen-
dous amount of computations � that already take a lot of time. To increase the
number of computations, we need to make each computation step faster. It was
shown that we can speed up computations if we apply an appropriate nonlinear
transformation to all the values, and that logarithmic transformation leads to
the fastest speedup. In this paper, we provide a theoretical explanation for this
empirical success.

Keywords: Machine learning · AI · Nonlinear transformations · Logarithmic
transformation · Optimal transformation.
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Relational Characterization of b-Metrics

Olga Grigorenko and Reinis Isaks

Department of Mathematics, University of Latvia, 3 Jelgavas Street,
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Abstract: This paper investigates the concept of b-metrics through relational
structures. In particular, we examine commonly used de�nitions of b-metrics and
establish a unique characterization of b-metrics in terms of linear order relations.
Our �ndings provide a deeper understanding of the properties of b-metrics and
their underlying relational framework.

Keywords: B-Metric · Metric · Fuzzy Metric.
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On Application of Formal Fuzzy Contexts

in Data Comparison Models

M	aris Krastin
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Abstract: Noticing the problem of precise matching of fuzzy sets of objects
and fuzzy sets of properties in fuzzy concept analysis and the di�culties caused
by it for practical applications, we propose to replace concept lattices by more
�exible, namely graded fuzzy preconcept lattices. Based on fuzzy preconcept
lattices, we develop the foundations of the graded approach for all three
versions of fuzzy concept analysis: the �classical� formal concept analysis, the
object-oriented concept analysis and the property-oriented concept analysis.
This has been one of the last researches carried out by professor Alexander
�ostak who developed the main theoretical concepts which were further applied
in practical studies by both authors.
The notion of a formal context as the basis for formal concept analysis �rst
appeared in papers by R. Wille and B. Ganter in early 80-ties of the previous
century and later developed into a full-bodied theory (see, e.g. [1] and [2])
having numerous important applications. A formal context is a triple (X,Y,R)
where X,Y are non-empty sets and R ⊆ X × Y is a relation. The usual
interpretation of a context (X,Y,R) is that X is the set of some abstract
objects, Y is the set of some abstract properties or attributes and the entry
(x, y) ∈ R abbreviated as xRy means that an object x has the attribute y. The
idea of concept analysis is to distinguish those pairs (A,B) ∈ 2X × 2Y called
(formal) concepts which are in a speci�c way mutually connected via relation
R. Speci�cally, according to R. Wille and B. Ganter a formal concept in a
context (X,Y,R) is a pair (A,B) such that a property y is in B if and only if
all x ∈ A have property y (i.e. are related to y) and conversely, an object x is in
A if and only if it has all the properties y ∈ B (i.e. all y ∈ B are related to x).
The concept as de�ned by R. Wille and B. Ganter is not the only one natural
way to unite sets of objects and sets of attributes in reasonable pairs of
�concepts� by means of the relation R ⊂ X × Y . In particular I. Düntch and G.
Gediga [3], working in the �eld of modal logic, suggested to consider as concepts
the pairs of objects and attributes A ⊆ X,B ⊆ Y such that a property y is in
B if and only if all objects having these properties are contained in A and an
object x is in A if and only if it has at least one property y ∈ B.
In de�nition of a concept in a context (X,Y,R) proposed by R. Wille and B.
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Ganter, the set X of objects play the same role as the set Y of attributes: if one
renames the elements of X as attributes and the elements of Y as objects the
pairs (A,B) presenting concepts remain the same. In other words, the context
(X,Y,R) is equivalent to the context (Y,X,R). On the other hand, in de�nition
of a context (X,Y,R) proposed by I. Düntch and G. Gediga the roles of the
set X of objects and the set Y of attributes are di�erent: a concept (A,B)
in the context (X,Y,R) becomes a concept in the context (Y,X,R−1). This
observation prompted Y. Y. Yao [4] to present an approach which is dual to the
approach used by I. Düntch and G. Gediga for comprehension of a concept in
the context (X,Y,R). It is usually referred now as object-oriented as di�erent
from attribute oriented to the interpretation of a concept in a context (X,Y,R).
To develop a fuzzy version of a formal concept analysis one naturally have to
start with a fuzzy version of a formal context, that is a quadruple (X,Y, L,R)
where X,Y are sets L is a complete lattice, probably with an additional
algebraic structure and R : X×Y → L is an L-fuzzy relation. The fuzzy version
of the concept of R. Wille and B. Ganter was introduced by R. Belohlavek in
[5] while fuzzy versions of concepts introduced by I. Düntch and G. Gediga as
well as Y. Y. Yao �rst appeared as far as we know in [6].
In our research we replace fuzzy concepts as the focus of the study by a very
general notion of a preconcept viewing it as a certain �potential concept�.
Further, by means of fuzzy logic tools we prescribe to each preconcept a
grade, that is the measure of its �conceptuality�. In the result we obtain a
graded fuzzy preconcept lattice. The graded fuzzy preconcept lattices on
the lines of the classical, i.e. concept analysis of R. Wille and B. Ganter
were �rst considered in our paper [7]. In turn, graded fuzzy concepts in the
spirits of oriented concept analysis were exposed in our talk at the CLA2022
conference [8]. It is the goal of this work to incorporate further to the
graded versions of of all three �branches� of fuzzy concept analysis, to compare
them and to illustrate the scope of their applications in data comparison models.
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Solving linear equations using generalized

equality

Branimir �e²elja1 and Andreja Tepav£evi¢1,2
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Abstract: We present a method of solving linear equations over a structure
with a binary operation, in the situations of missing or corrupted (unclear) data.
For this purpose we use the framework of poset-valued functions, replacing the
classical equality by a symmetric and transitive map from the given structure of
data into the suitable poset. This generalized equality is additionally assumed
to be compatible with the given binary operation. Our technique can be con-
sidered as a new way of solving linear equations if the classical technique is not
applicable.

Keywords: P-sets · generalized equality · P-quasigroups · approximate
solutions of equations.
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operators
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Abstract: The study of attribute implications in fuzzy settings plays a crucial role
in knowledge representation and data analysis with vague or imprecise information. In
this paper, we propose a new de�nition of validity of an attribute implication within
the fuzzy framework of multi-adjoint concept lattices, taking into account the original
de�nition in terms of the derivation operators.

Keywords: Attribute implications · Validity · Multi-adjoint concept lattices

Acknowledgement: Partially supported by the project PID2019-108991GB-I00
funded by MICIU/AEI/10.13039/501100011033, the project PID2022-137620NB-I00
funded by MICIU/AEI/10.13039/501100011033 and FEDER, UE, by the grant
TED2021-129748B-I00 funded by MCIN/AEI/10.13039/501100011033 and European
Union NextGeneration EU/PRTR, and by the industrial predoctoral contract
PU/EPIF-FPI-GRUPOENERGETICOPUERTOREAL/CP/2022-051, corresponding
to the Research and Transfer Promotion Program of the University of Cádiz
2018/2019.

References

1. L. Antoni, P. Elia£, J. Guni£, D. Kotlárová, S. Kraj£i, O. Krídlo, P. Sokol, and
L. �najder. Bimorphisms and attribute implications in heterogeneous formal con-
texts. International Journal of Approximate Reasoning, 172:109245, 2024.

2. R. Belohlávek and V. Vychodil. Attribute dependencies for data with grades I,.
International Journal of General Systems, 45(7-8):864�888, 2016.

3. M. E. Cornejo, J. Medina, and F. J. Ocaña. Attribute implications in multi-adjoint
concept lattices with hedges. Fuzzy Sets and Systems, 479:108854, 2024.

4. M. E. Cornejo, J. Medina, and E. Ramírez-Poussa. A comparative study of adjoint
triples. Fuzzy Sets and Systems, 211:1�14, 2013.

5. M. E. Cornejo, J. Medina, and E. Ramírez-Poussa. Computing the validity of
attribute implications in multi-adjoint concept lattices. In International Conference
on Computational and Mathematical Methods in Science and Engineering, CMMSE
2016, volume II, pages 414�423, 2016.

6. M. E. Cornejo, J. Medina, E. Ramírez-Poussa, and C. Rubio-Manzano. Preferences
in discrete multi-adjoint formal concept analysis. Information Sciences, 650:119507,
2023.



15 Book of Abstracts � ESCIM 2025

7. D. Dubois, J. Medina, and H. Prade. Extracting attribute implications from a
formal context: Unifying the basic approaches. Information Sciences, 689:121419,
2025.

8. D. Dubois, J. Medina, H. Prade, and E. Ramírez-Poussa. Disjunctive attribute
dependencies in formal concept analysis under the epistemic view of formal contexts.
Information Sciences, 561:31�51, 2021.

9. B. Ganter and R. Wille. Formal Concept Analysis: Mathematical Foundation.
Springer Verlag, 1999.

10. J.-L. Guigues and V. Duquenne. Familles minimales d'implications informatives
résultant d'un tableau de donnés binaires. Math �matiques et Sciences Humaines,
95:5�18, 1986.

11. V. Liñeiro-Barea, J. Medina, and I. Medina-Bulo. Generating fuzzy attribute rules
via fuzzy formal concept analysis. Studies in Computational Intelligence, 758:105�
119, 2018.

12. J. Medina, M. Ojeda-Aciego, and J. Ruiz-Calviño. Formal concept analysis via
multi-adjoint concept lattices. Fuzzy Sets and Systems, 160(2):130�144, 2009.

13. F. Pérez-Gámez, P. Cordero, M. Enciso, and A. Mora. Simpli�cation logic for the
management of unknown information. Information Sciences, 634:505�519, 2023.



Book of Abstracts � ESCIM 2025 16

Comparison of Formal Concept Analysis

and k-means Clustering on Healthcare

Dataset

�tefan Puci1, Matú² Seman£ík1, Dominika Kotlárová1,
PeterElia²2, JánGuni²1, L'ubomírAntoni1, StanislavKraj£i1,
Ondrej Krídlo1 and L'ubomír �najder1

1 Institute of Computer Science, Faculty of Science Pavol Jozef �afárik University in
Ko²ice, 041 80 Ko²ice, Slovakia
2 Mathematical Institute, Slovak Academy of Sciences, Gre²ákova 6, 040 01, Ko²ice,
Slovak Republic

e-mail: stefan.puci@student.upjs.sk, matus.semancik@student.upjs.sk,
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lubomir.antoni@upjs.sk, stanislav.krajci@upjs.sk,
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Abstract: The modi�ed Rice-Si� algorithm [1,2] within the framework of
(Fuzzy) Formal Concept Analysis [3,4,5,6] represents a method for e�cient
computation of formal concepts. This algorithm builds upon the foundational
Rice-Si� approach and the modi�cation incorporates optimizations to improve
scalability and computational e�ciency when applied to larger and more
complex datasets. By modifying the formal concept generation process, the
algorithm reduces redundancy and uses the structural properties of concept
lattices. This enhancement is particularly relevant for applications in data
analysis, knowledge representation, and other scienti�c domains [7,8]. Other
interesting and powerful methods of fuzzi�cation in Formal concept analysis
were developed by various research groups [9,10,11,12,13].

The k-means clustering algorithm, one of the most widely used unsuper-
vised machine learning algorithms for partitioning a dataset into distinct clusters
based on similarity, was �rst proposed by Stuart Lloyd in 1957. Independently,
the method was later investigated by James MacQueen in 1967, who denoted
the term k-means and described its statistical properties in a clustering context
[14]. The algorithm is based on minimizing intra-cluster variance while maxi-
mizing inter-cluster distance, providing a grouping of data points. Despite its
interpretability and computational e�ciency, k-Means has limitations, such as
sensitivity to the initial selection of centroids and di�culty handling clusters
of varying sizes or densities. It was applied in various �elds, including image
segmentation, customer segmentation, or bioinformatics [15].

In this paper, we compare the modi�ed Rice-Si� algorithm and k-means
clustering on the publicly available dataset collected by the consortium I-CARE
Cardiac Arrest REsearch [16]. Seven hospitals across the United States and Eu-
rope participated in this study, including two from The Netherlands, one from
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Belgium, and three from Boston and New Haven, USA. The dataset comprises
metadata and EEG recordings from 607 patients. Each patient contributed mul-
tiple EEG �les, re�ecting variations in the duration of monitoring. These record-
ings were obtained using a 19-channel longitudinal EEG setup. We constructed
a tabular dataset from the metadata and our extracted features of EEG record-
ings in tabular form. Thus, we applied the methods of the modi�ed Rice-Si�
algorithm and k-means clustering on the constructed dataset and compared the
similarity of the obtained clusters of patients. In summary, we present the di�er-
ences between both approaches (e.g., modi�ed Rice-Si� can generate overlapping
clusters) and their advantages and formulate recommendations for data analysts.

Keywords: Formal Concept Analysis · Rice-Si� algorithm · k-means clustering
· Healthcare are
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Keynote speech:

Category Theory in Action: A Novel

Framework for Knowledge Graph Analysis

and Reasoning

Marek Reformat

Department of Electrical and Computer Engineering,
University of Alberta, Canada

Abstract: Knowledge graphs are suitable for modeling semantically rich data,
but their analytical potential is unexplored. This talk describes a formal math-
ematical framework that employs category theory to reason about and analyze
knowledge graphs at di�erent levels of abstraction.

Using an explanatory academic collaboration graph, we illustrate how cat-
egory notions like coverings, sieves, and Grothendieck topologies can reinforce
di�erent contextual viewpoints of a knowledge graph, enabling multi-perspective
reasoning about entities and their relationships. We also illustrate how sheaves
and co-sheaves provide mechanisms for data analysis and its cohesion across the
graph structure.

Our approach enables a novel approach to analysis, including context-
dependent reasoning, multi-scale reasoning, and local-to-global formalization of
information �ow.
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Decision-making based on con�rmation

measures

Fernando Chacón-Gómez, M. Eugenia Cornejo and Jesús
Medina
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Abstract: Con�rmation measures have been introduced in Rough Set Theory
to analyze the in�uence of the antecedent on the consequent of decision rules.
This paper extends these measures to the fuzzy setting and proposes their appli-
cation in data classi�cation to address decision-making problems. Furthermore,
a particular con�rmation measure is de�ned, studied in detail and applied to a
real case.

Keywords: Fuzzy Rough Set Theory · Decision Rules · Con�rmation Measures
· Data Classi�cation.
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Network Visualization of a Fuzzy Measure
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Abstract: This conference paper proposes a visualization method of fuzzy mea-
sures to model complex interactions between elements in dynamic environments.
Despite the utility of fuzzy measures, they present challenges due to the com-
plexity of their interpretation when the number of elements rises. We suggest
using graphical representations of the Shapley Index and the Murofushi-Grabisch
interaction index, to provide a more intuitive understanding of fuzzy measures.
This approach enables faster and smarter decisions by simplifying the analysis
of elements interaction.

Keywords: Decision Modeling · Soft Computing · Fuzzy Measures · Social
Networks · Graph Theory
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Abstract: This paper investigates the use of complex-valued neural networks
in the image classi�cation task, using the MNIST dataset as a case study. While
real-valued neural networks have been extensively applied in various machine
learning problems, complex-valued networks o�er an alternative approach that
can better model certain types of data, particularly in domains where oscilla-
tory or periodic patterns are prevalent. We explore the theoretical foundations
of complex-valued networks, highlighting their key di�erences from real-valued
networks, particularly in the handling of input data and the computation of
gradients during backpropagation. The study presents an experiment comparing
the performance of complex-valued and real-valued networks for image classi�ca-
tion, with the input data transformed into the complex domain using a discrete
Fourier transform. The results demonstrate that complex-valued networks can
achieve competitive performance, with faster convergence and higher accuracy in
early training epochs, particularly when using the Adam optimization algorithm.
This research provides insights into the potential advantages of complex-valued
neural networks and their applicability to tasks involving complex data, suggest-
ing new directions for future work in this area.

Keywords: Complex-Valued Neural Networks · Complex-Valued transfer
function · image classi�cation · MNIST dataset.
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rough sets generated by the Mapper

algorithm

Wannes De Maeyer1, Mauricio Restrepo2 and Chris
Cornelis1

1 Computational Web Intelligence. Department of Mathematics, Computer Science
and Statistics, Ghent University. Ghent, Belgium

e-mail: wannes.demaeyer@ugent.be, chris.cornelis@ugent.be
2 Department of Mathematics. Universidad Militar Nueva Granada. Bogotá, Colombia

e-mail: mauricio.restrepo@unimilitar.edu.co

Abstract: Covering-based roughs sets generalize the notion of rough sets by
changing the partition of a universe to a covering. In earlier work, the use of the
Mapper algorithm (which was originally designed to visualize high dimensional
datasets) to construct coverings of datasets was introduced. In this paper we
combine Mapper and an adapted version of the DBSCAN clustering algorithm
and prove that the generated coverings maintain the same granular structure as
the lower-dimensional coverings that are used as input for Mapper. In particular,
we investigate the case where the associated order between coverings is linear.

Keywords: Granular structure · Covering-based rough sets ·Mapper algorithm
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Abstract: Distributivity laws between certain classes of aggregation op-
erators play a fundamental role in a large number of disciplines such as fuzzy
sets and fuzzy logic, pseudo-analysis and measure theory, and particulary in the
utility theory. This paper is focused on the problem of distributivity between
some classes of 2-uninorms and quasi-linear means.

Keywords: Uninorms · 2-uninorms · quasi-linear means · distributivity equa-
tions

References

1. Aczel, J.: Lectures on functional Equations and their Applications. Academic Press
(1966)

2. Akella, P.: Structure of n-uninorms. Fuzzy Sets and Systems 158, 1631�1651 (2007)
3. Calvo, T.: On some solutions of the distributivity equations. Fuzzy Sets and Systems

104, 85�96 (1999)
4. Drewniak, J., Dryga±, P., Rak, E.: Distributivity between uninorms and nullnorms.

Fuzzy Sets and Systems 159, 1646�1657 (2008)
5. Dubois, D., Pap, E., Prade, H.: Hybrid probabilictic-possibilistic mixtures and util-

ity functions. Preferences and Decisions under Incomplete Knowledge, Studies in
Fuzziness and Soft Computing 51, 51�73 Springer-Verlag (2000)

6. Fodor, J.C., Yager, R.R., Rybalov, A.: Structure of uninorms. International Journal
of Uncertainty, Fuzziness and Knowledge-Based Systems 5, 411�427 (1997)

7. Grabisch, M., Marichal, J., Mesiar, R., Pap, E.: Aggregation Functions. Cambridge
Uviversity Press (2009)

8. Jo£i¢, D., �tajner-Papuga, I.: Some implications of the restricted distributivity of
aggregation operators with absorbing elements for utility theory. Fuzzy Sets and
Systems 291, 54�65 (2016)

9. Jo£i¢, D., �tajner-Papuga, I.: Distributivity laws for quasi-linear means. Iranian
Journal of Fuzzy Systems 19 (1), 1�11 (2022)

10. Klement, E. P., Mesiar, R., Pap, E.: Triangular Norms. Kluwer Academic Publish-
ers, Dordrecht (2000)

11. Mesiarová-Zemánková, A.: The n-uninorms with continuous underlying t-norms
and t-conorms. International Journal of General Systems 50 (1), 92�116 (2021)

12. Mesiarová-Zemánková, A.: Characterization of idempotent n-uninorms. Fuzzy Sets
and Systems 427, 1�22 (2022)



29 Book of Abstracts � ESCIM 2025

13. Wang, J.M., Qin, F.: On the characterization of distributivity equations about
quasi-arithmetic means. Aequationes Mathematicae 90, 501�515 (2016)

14. Zong, W., Su, Y., Liu H.-W., De Baets, B.: On the structure of 2-uninorms. Infor-
mation Sciences 467, 506�527 (2018)



Book of Abstracts � ESCIM 2025 30

Unifunctions, a new class of functions for
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Juraj Kalafut and Martin Kalina
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Abstract: Uninorms [3], which were proposed as a common basis for t-norms
and t-conorms, found their application in various areas. One of the reasons is
their bipolar behavior, i.e., uninorms are strongly conjunctive below the neu-
tral element, disjunctive above, and averaging otherwise. However, the axioms
of uninorms imply that there is no uninorm that is continuous on the entire
unit square, which leads to several problems that must be overcome, namely
computational stability and the inability to make gradual changes.

In [1] Bustince et al. de�ned overlap functions as a parallel structure to t-
norms. In this de�nition they impose continuity rather than associativity, arguing
that in many cases of application associativity may be super�uous, but continuity
is not. One of these cases is when the function is strictly binary and thus the
n-ary form is unnecessary. Similarly, grouping functions [2] have been de�ned to
replace t-conorms in an analogical way.

Following these steps, in this paper we want to introduce a new class of
binary functions, called unifunctions, which on the one hand resemble uninorms
as much as possible and on the other hand preserve continuity on the whole
unit square. Since every uninorm is composed of a t-norm and a t-conorm, we
want to preserve such a connection between a unifunction on the one side and
an overlap and a grouping function on the other side. Therefore, the de�nition
of a unifunction is as follows.

De�nition 1. Let e ∈ ]0, 1[ . A binary function UFe : [0, 1]2 → [0, 1] is called a
unifunction if the following conditions hold.

1. UFe is non-decreasing.
2. UFe is symmetric.
3. For (x, y) ∈ [0, e]2, UFe(x, y) = 0 if and only if x = 0 or y = 0.
4. For (x, y) ∈ [e, 1]2, UFe(x, y) = 1 if and only if x = 1 or y = 1.
5. UFe(x, y) = e then x < e < y or y < e < x or x = y = e.
6. UFe is continuous

Although none of the unifunctions is associative, several interesting properties
can be established, such as 1-Lipschitz, self-duality, and others. Note that a
unifunction restricted to

� [0, e]
2 is isomorphic to an overlap function,

� [e, 1]
2 is isomorphic to a grouping function,
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� [0, e]× [e, 1] is isomorphic to a continuous bipolar function.
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Keynote speech:

Normative Reasoning with Deontic Answer

Set Programming

Pedro Cabalar
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Abstract: A rigorous veri�cation of the compliance of Arti�cial Intelligence
(AI) systems with social, ethical and legal regulations requires, in the �rst place,
the design of formal languages for an accurate speci�cation of norms. Normative
reasoning falls under the domain of deontic logic, that studies the formalisation
of concepts such as obligations, permissions and violations. In this talk, we will
review a recent approach to normative reasoning based on a deontic extension of
Answer Set Programming (ASP), a successful paradigm for practical Knowledge
Representation and problem solving. To this aim, we will start reviewing the
extension of Equilibrium Logic (the logical basis of ASP) to cope with deontic
operators and their combination with explicit negation. Then, we will illustrate
the use of this approach by formalising several challenging examples from the
literature, implementing them on the deontic ASP tool Â�deolingoÂ�. Finally,
we will move to consider temporal normative reasoning and the kind of concepts
that arise when we combine deontic operators with time, explaining their recent
formalisation based on Temporal Deontic Equilibrium Logic.
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Formal Veri�cation of Social Engineering

in Information-Seeking Dialogues

Andreas Brännström and Juan Carlos Nieves
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Abstract: In this paper, we apply formal dialogue methods to recognize and
analyze phishing in interactions. Phishing attacks exploit human vulnerabilities,
typically through deceptive and manipulative messages, leading victims to dis-
close sensitive information. Existing machine learning-based detection methods
often lack transparency, making it di�cult to trace manipulation tactics. We uti-
lize the so-called Goal-Hiding Dialogue (GHD) framework, originally designed for
reasoning about non-collaborative agents in information-seeking dialogues. The
framework employs Quantitative Bipolar Argumentation Frameworks (QBAFs)
to model how a seeker agent strategically in�uences a target's willingness to
engage with certain topics. Our approach provides a mathematically grounded
method for identifying key conversational shifts where manipulation occurs, con-
tributing to phishing detection and evidence analysis.

Keywords: Formal dialogues · Quantitative argumentation · Social engineering
· Phishing · Information extraction · Non-collaborative agents
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Blueprint Personas in Digital Forensics and

Cybersecurity
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Abstract: As cyber threats become increasingly sophisticated, traditional secu-
rity measures struggle to adapt. This paper explores the integration of Blueprint
Personas, a structured approach to modeling cyber threats, into AI-driven digital
forensics and cybersecurity. By simulating adversary behaviors, these personas
enhance threat intelligence, adversary emulation, and forensic investigations.
Additionally, we introduce the Reference Ontology of Trust (ROT) to improve
explainability and adaptive decision-making in AI-driven security systems. We
also propose Intelligent Agents to automate threat detection and forensic anal-
ysis within Security Operations Centers (SOCs). This work-in-progress lays the
foundation for a multi-agent security framework, aiming to enhance proactive
cyber defense and real-time forensic automation.

Keywords: Intelligent Agent · Healthcare · Blueprint Personas · Ontology ·
Trust.
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SM-based Semantics for Answer Set

Programs Containing Conditional Literals

and Arithmetic

Zachary Hansen and Yuliya Lierler
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Abstract: Answer Set Programming (ASP) is a declarative programming
paradigm that has been applied within a variety of challenging and high-
consequence systems such as explainable donor-patient matching and space
shuttle decision support systems. ASP programs are concise, human-readable,
and bene�t from well-de�ned semantics rooted in mathematical logic � these
qualities make ASP programs attractive candidates for formal veri�cation.
Providing high levels of assurance regarding program behavior is particularly
crucial for safety-critical applications. This work is part of a research stream
with the long-term goal of supporting rigorous veri�cation of ASP-based
systems.

Modern answer set programming solvers such as CLINGO support advanced
language constructs that improve the expressivity and conciseness of logic pro-
grams. Conditional literals are one such construct. They form �subformulas� that
behave as nested implications within the bodies of logic rules. Their inclusion
brings the form of rules closer to the less restrictive syntax of �rst-order logic.
Rules with conditional literals concisely express knowledge that may be di�cult
to otherwise encode. For instance, conditional literals are widely employed in
meta-programming � Listings 4-7 in �How to build your own ASP-based sys-
tem?!" by Kaminski et al. (2021). These listings de�ne meta encodings which
compute the classical and supported models of rei�ed logic programs; these en-
codings rely heavily on conditional literals. Conditional literals may also make
programs easier to formally verify by reducing the number of auxiliary or inessen-
tial predicates in a program.

Typically, the semantics of ASP programs with variables are de�ned indi-
rectly, via a procedure called grounding. Grounding turns a given program with
variables into a propositional one. Then, semantics are de�ned for the resulting
propositional program. In 2011, Ferraris, Lee, and Lifschitz proposed semantics
for ASP programs that bypasses grounding. They introduced the SM operator,
which turns a program (or, rather, the �rst-order logic formula associated with
the considered program) into a classical second-order formula. The Herbrand
models of this formula coincide with the answer sets of the original program. In
this project, we introduce grounding-free SM operator-based semantics for logic
programs containing both conditional literals and arithmetic. This enhances our
ability to reason about the behavior of programs independently of a speci�c
grounding context. The established semantics for programs with conditional lit-
erals relies on a translation to non-classical in�nitary propositional logic. We also
establish the precise correspondence between the proposed and existing semantics.



Book of Abstracts � ESCIM 2025 38

Recursive Aggregates as Intensional

Functions in Answer Set Programming

Jorge Fandinno and Zachary Hansen

University of Nebraska Omaha, Omaha, NE, USA.
e-mail: {jfandinno,zachhansen}@unomaha.edu

Abstract: This paper shows that the semantics of programs with aggregates
implemented by the solvers clingo and dlv can be characterized as extended
First-Order formulas with intensional functions in the logic of Here-and-There.
Furthermore, this characterization can be used to study the strong equivalence
of programs with aggregates under either semantics. We also present a
transformation that reduces the task of checking strong equivalence to reasoning
in classical First-Order logic, which serves as a foundation for automating this
procedure.

Acknowledgement: This research is partially supported by NSF CAREER
award 2338635.
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Temporal Rules for Fraud Detection

Przemysªaw Andrzej Waª¦ga
Queen Mary University of London, University of Oxford, UK.

e-mail: p.walega@qmul.ac.uk

Abstract: Temporal logic programming provides a range of rule-based lan-
guages tailored for reasoning about temporal properties. These include various
extensions of Datalog, such as Datalog1S, which introduces an additional tem-
poral sort and a single successor operator, and DatalognS, which generalizes
this with n-ary functions for the temporal sort. Other examples include Tem-
pLog, which incorporates operators from linear temporal logic (LTL), and Data-
logMTL, which leverages operators from metric temporal logic (MTL). Many of
these languages support non-monotonic negation, as seen in temporal extensions
of answer set programming with LTL or MTL operators, the stream reasoning
language LARS, and non-monotonic extensions of DatalogMTL. Their theoreti-
cal properties, such as expressive power and computational complexity, are often
well-studied, and e�cient reasoning algorithms have already been implemented.

Temporal aspects of �nancial transactions play a vital role in detecting fraud-
ulent activities, making temporal logic programming a valuable tool for identi-
fying suspicious behaviors. The traditional approach involves experts manually
crafting temporal rules. These rules are then applied to datasets of �nancial
transactions, allowing to �ag fraudulent accounts via logical reasoning. While
this method is fully interpretable and explainable, it has signi�cant limitations.
Fraud detection rules are often complex and evolve over time, making their for-
mulation both labor-intensive and prone to human error.

We propose two approaches to address these challenges. The �rst approach
leverages rule-learning techniques to automatically extract fraud detection rules
from temporal datasets. Recent advancements in rule learning, particularly in
inductive logic programming, indicate that data-driven rule extraction can be
successfully applied in various real world problems. The second approach involves
training black-box machine learning models for fraud detection and subsequently
explaining their decisions using temporal rules. Graph neural networks (GNNs)
are particularly promising for this task due to their strong connections with logic
and the growing area of temporal graph learning (TGL). During the talk we will
introduce our �rst results obtained on both learning temporal rules from data [1]
and on temporal graph neural networks [2].

References

1. Wang, D., Waª¦ga, P.A., Grau, B.C.: MTLearn: Extracting temporal rules using
Datalog rule learners. In: Proceedings of the 21st International Conference on Prin-
ciples of Knowledge Representation and Reasoning, KR (2024)

2. Waª¦ga, P.A., Rawson, M.: Expressive power of temporal message passing. In: Pro-
ceedings of the 39th Annual AAAI Conference on Arti�cial Intelligence, AAAI
(2025)



41 Book of Abstracts � ESCIM 2025

Un�ltered Large Language Models:

Forensic and Legal Challenges of their

Criminal Use on the DarkWeb. Preliminary

Study
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Abstract: The rapid development of large language models (LLMs) has rev-
olutionised natural language processing and automatic text generation across
all sectors. However, the emergence and spread of un�ltered or ethically un-
restricted versions of these models has introduced new threats, especially in
criminal ecosystems such as the Dark Web. These LLMs, devoid of alignment
constraints, are being exploited to facilitate a wide range of illicit activities.

Among the most concerning tools is OnlyFake, highlighted in Europol's
IOCTA 2024 report. This platform leverages generative AI to produce high-
quality fake identities and documents at scale, posing a serious risk to identity
veri�cation systems and legal processes. In addition, models such as WormGPT,
FraudGPT, and DarkGPT are being marketed on underground forums to auto-
mate phishing attacks, generate undetectable malware, and facilitate large-scale
fraud and identity theft, even for users with limited technical expertise.

This presentation will examine the criminal use of un�ltered LLMs from
two interrelated perspectives: computer forensics and criminal law. On the one
hand, from a technical forensic point of view, the main tools, technical di�culties
in detecting AI-generated content and identifying the use of generative models
in criminal work�ows will be described. From a criminal law perspective, the
challenges of attributing criminal responsibility to developers, facilitators and
users will be addressed, and a critical assessment will be made of whether existing
criminal frameworks are su�cient to address the speci�cities of AI-facilitated
crimes and the future challenges for criminal police investigation.

Keywords: Arti�cial Intelligence · Large Language Model · Digital Forensics ·
Dark Web · Deepfake
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Time-Dependent Triangular Fuzzy Soft Set

Model for Describing Tra�c Dynamics
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Abstract: Tra�c route optimization in dynamic urban environments is chal-
lenging due to uncertainties such as congestion and �uctuating conditions during
rush hours. This paper introduces a novel route optimization framework utilizing
Triangular Fuzzy Numbers (TFNs) to model the time-dependent membership of
road segments to tra�c scenarios like jam regions and rush hour periods adapts
to historical data and can integrate real-time updates for robust evaluations of
tra�c conditions. By integrating with time-dependent Traveling Salesman Prob-
lem (TDTSP) algorithms, the framework provides practical solutions for urban
tra�c management, improving route e�ciency while accounting for real-world
uncertainties.

Keywords: Route Optimization · Triangular Fuzzy Numbers· Fuzzy Soft Sets.
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Abstract: This work presents a study on the application of evolutionary
methods for generating label ranking trees. The goal is to order a set of classes
based on their relevance or preference for each instance in the dataset. Through-
out the study, a model based on evolutionary algorithms is implemented, the
advantages and challenges of using evolutionary algorithms in this problem are
analyzed and its performance evaluated in terms of accuracy and e�ciency
compared to classical approaches. Furthermore, an improvement is proposed
by seeding the initial population by using the tree learned by using the greedy
Label Ranking Tree algorithm. The results obtained demonstrate that the
application of evolutionary algorithms to address label ranking problems gives
an improvement to Label Ranking Tree in most of the datasets.

Keywords: label ranking · tree induction · evolutionary computation
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Abstract: Multi-adjoint lattice logic (MLL) was introduced as a logic focused
on capturing multi-adjoint algebras, which are general and �exible algebraic
structures used, for example, as truth-values set in di�erent formal tools
to model data sets, such as, formal concept analysis, rough sets, and fuzzy
relation equations. This paper enriches this logic by expanding it with two
extra connectives, one associated with the Gödel implication and the one
associated with the Baaz-Monteiro projection connective. As a consequence, the
implication in MLL representing the ordering in the lattice becomes de�nable
from these two operators, and vice versa.

Keywords: Bounded poset · multi-adjoint algebra · multi-adjoint lattice logic
· fuzzy logic · Gödel fuzzy logic· Baaz-Monteiro operator
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Abstract: In this article, we will show how relations forming the graded
Peterson's square of opposition (contrary, contradictory, sub-contrary and
sub-alterns) are connected with intermediate logical syllogisms, i.e., syllogisms
that contain intermediate quanti�ers. Our results are related to the theory of
non-monotonic reasoning.
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Abstract: Various statistical models have found their place in practical ap-
plications; however, working with fuzzy-valued data still presents a challenge.
This paper provides an overview of several well-known concepts of statistical
hypothesis testing in fuzzy environments and introduces a new approach based
on the comparison of triangular fuzzy numbers along the horizontal axis, i.e.,
on a horizontal fuzzy relation. The proposed method allows both the registered
value of the test statistic and the reference critical value to be in fuzzy form and
de�nes fuzzy degree of acceptance of hypotheses.

Keywords: Fuzzy sets · fuzzy numbers · fuzzy relations · comparing fuzzy
values · hypotheses testing
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Kolmogorov Representation Theorem

Explained in Terms of Fuzzy Partitions
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Abstract: The main goal of this contribution is to show connection between
the classical Kolmogorov-Arnold representation theorem and theoretical
foundations of fuzzy modeling. Especially, we show that the class of inner
functions in the Kolmogorov representation of a continuous multivariable
function belongs, up to multiplicative constants, to the class of membership
functions that constitute a fuzzy partition with the Ruspini condition.
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case of a complete codomain lattice
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Abstract: The paper deals with fuzzy relational equations in the case where
fuzzy relations are de�ned as arbitrary mappings from the square of a domain set
to a lattice. That lattice is usually a sort of special, residual, Heyting, Browerian,
continuous etc. We consider the case of a complete codomain lattice, which is
more general. The completeness of the codomain lattice implies the completeness
of the lattice of all fuzzy relations on a set and of all its powers. Using Tarski �xed
point theorem for an operator on a complete lattice, we prove the existence of a
solution for a wide class of fuzzy relational equations and their systems. By doing
this we generalize our previous results. Tarski theorem also implies the existence
of the greatest and the least solution for the mentioned class of equations and
their systems, and the fact that the sets of their solutions are complete lattices.

Keywords: Complete lattice · Fuzzy relational equations · Solvability ·
Extremal solutions

Acknowledgement: This research was supported by the Science Fund of the
Republic of Serbia, Grant no 6565, Advanced Techniques of Mathematical Aggre-
gation and Approximative Equations Solving in Digital Operational Research -
AT-MATADOR. The authors also gratefully acknowledge the �nancial support
of the Ministry of Science, Technological Development and Innovation of the
Republic of Serbia (Grants No. 451-03-137/2025-03/200116, 451-03-137/2025-
03/200125 & 451-03-136/2025-03/200125 & 451-03-136/2025-03/200029).

References

1. Bede, B., Mathematics of Fuzzy Sets and Fuzzy Logic. Studies in Fuzziness and Soft
Computing, vol 295. Springer, Berlin, Heidelberg (2013).

2. Brown, J.G.: A note on fuzzy sets. Information and Control 18, 32�39 (1971).



Book of Abstracts � ESCIM 2025 56

3. Cornejo, M.E., Lobo, D., Medina, J., De Baets, B.: Bipolar equations on complete
distributive symmetric residuated lattices: The case of a join-irreducible right-hand
side. Fuzzy Sets and Systems 442, 92-108 (2022).

4. Davey B.A., Priestley H.A.: Introduction to Lattices and Order. 2nd ed. Cambridge
University Press (2002).

5. Dubois, D., Prade, H.: Fuzzy Sets and Systems - Theory and Applications. Academic
Press, New York-London-Toronto (1980).

6. Goguen, J.A.: L-Fuzzy Sets. Journal of Mathematical Analysis and Applications 18,
145�174 (1967).

7. Ignjatovi¢, J., �iri¢, M., �e²elja, B., Tepav£evi¢, A.: Fuzzy relational inequalities
and equalities, fuzzy quasi-orders, closures and openings of fuzzy sets. Fuzzy Sets
and Systems 260, 1�24 (2015).

8. Sanchez, E.: Resolution of composite fuzzy relation equations. Information and Con-
trol 30 (1), 38�48 (1976).

9. Stepanovi¢, V., Tepav£evi¢, A.: Fuzzy sets (in)equations with a complete codomain
lattice. Kybernetika 58 145�162 (2022).

10. Tarski, A.: A lattice-theoretical �xpoint theorem and its applications. Paci�c Jour-
nal of Mathematics 5 285�309 (1955).

11. Zadeh, L.A.: Fuzzy sets. Information and Control 8, 338�353 (1965).



57 Book of Abstracts � ESCIM 2025

WAMs based on a pair of n-tuples (w,b)

and their relationship to OWA and IOWA

operators
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Abstract: The OWA and IOWA operators are both based on a given weighting
vector w ∈ [0, 1]

n and an ordering method expressed by appropriate permuta-
tions σ : {1, . . . , n} → {1, . . . , n} . We shall denote Ω as the set of all permuta-
tions. In the case of the OWA, the weighting vector is determined by the input
n-tuple x itself. The OWA operator can be introduced by the following equation:

OWAw(x) = AM

(
n∑

i=1

wixσ(i) |σ ∈ Ω, xσ(1) ≥ · · · ≥ xσ(n)

)

= AM

(
n∑

i=1

wσ−1(i) xi |σ ∈ Ω, xσ(1) ≥ · · · ≥ xσ(n)

)
,

where AM is the arithmetic mean. In other words, the OWA operator is simply
a weighted arithmetic mean, OWAw(x) = WAMwx(x), where
wx = AM

(
wσ−1 |σ ∈ Ω, xσ(1) ≥ · · · ≥ xσ(n)

)
.

In the case of IOWA, an order-introducing n-tuple u, which is �xed and equal
for all inputs x, is considered. Similarly, it we be de�ned as IOWAw,u(x) =
WAMwu(x), where wu = AM

(
wσ−1 |σ ∈ Ω, uσ(1) ≥ · · · ≥ uσ(n)

)
.

Let us consider an n-tuple x ∈ [0, 1]
n. Our approach draws inspiration

from previous representations. For any weighting vector w and an n-ary vector
b(x) ∈ [0, 1]

n, the pair (w,b(x)) can be used to de�ne a new weighting vector
wb(x) = AM

(
wσ−1 |σ ∈ Ω, b(x)σ(1) ≥ · · · ≥ b(x)σ(n)

)
.

In general, for any x ∈ [0, 1]
n, an n-tuple b(x) ∈ [0, 1]

n can be de�ned, and new
generalisations of WAMs, OWAs and IOWAs are introduced. To demonstrate the
proposed approach, several examples are presented, including related �gures.

Keywords: IOWA operator · OWA operator · Weighted arithmetical mean
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Keynote speech:

Entropies, measures of uncertain and im-

precise information
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Abstract: After the introduction of entropies in a probabilistic framework, this
concept has been extended to the evaluation of the fuzziness or non-probabilistic
uncertainty to evaluate the imprecision or imperfection associated with the ob-
servation of objects or events, for instance in the case of intuitionistic or interval-
valued fuzzy sets. We focus on the common properties and the di�erences be-
tween such quantities, mainly the monotonicity with respect to a re�nement
of the information on these objects or events, considering diverse views of this
re�nement, subsuming or weakening the classic properties of additivity and re-
cursivity. The utilisation of such entropies in arti�cial intelligence is discussed.
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Analytical Properties of General Unary

Hypotheses Automaton Quanti�ers

Martina Da¬ková

University of Ostrava, Institute for Research and Applications of Fuzzy Modeling, 30.
dubna 22, 701 03 Ostrava 1, Czech Republic.

e-mail: martina.dankova@osu.cz

Abstract: In this paper, we explore the analytical properties of general unary
hypotheses automaton quanti�ers. Speci�cally, we present two distinct represen-
tations of implicational quanti�ers and a method for generalizing these repre-
sentations to double implicational and equivalence quanti�ers. Furthermore, we
examine selected properties of implicational quanti�ers in relation to fuzzy set
operations and their associated properties.

Keywords: Fuzzy Quanti�ers · Implicational Quanti�ers · GUHA method ·
Fuzzy Logic · Association Rules
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Linear spline copulas
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Abstract: One of the most important classes of 2-dimensional aggregation
functions are 2-copulas (copulas, in short). Recall that a function: C : [0, 1]

2 →
[0, 1] is a copula whenever it has a neutral element e = 1, an annihilator a = 0,
and, for each rectangle R = [x1, x2] × [y1, y2] ⊆ [0, 1]

2 the C-volume VC(R) =
C(x1, y1) + C(x2, y2) − C(x1, y2) − C(x2, y1) is non-negative. Note that each
copula C is increasing (and thus an aggregation function) and 1-Lipschitz. For
more details we recommend books [1,2,3]. Linear splines play an important role
in the approximation of real functions. This fact inspired us to study and discuss
copulas, which are linear splines. Observe that a linear spline copula C is a�ne on
simplices S1. . . . , Sk covering the unit square [0, 1]2 and they are overlapping on
segments, possibly. Each such copula is singular with support on some �nitely
many segments with masses uniformly distributed over those segments. Note
that segment support does not generally have to lead to a linear spline copula.
As an example, consider a singular copula C given by

C(x, y) =

{
min(x2, y2) if x+ y ≤ 1

max(x2, y2)− |x− y| else.

The support of this copula is the same as the support of linear spline copulas
λM + (1 − λ)W, λ ∈]0, 1[. We will discuss constructions of the linear spline
copulas (e.g., Archimedean case, di�erent types of ordinal sums, shu�es, convex
combinations, etc.). Several examples will be given, including illustrative �gures.
Finally, observe that linear spline copulas are dense in the class of all copulas.

Keywords: Aggregation function · Copula · Linear spline.

Acknowledgement: This study was funded by Slovak VEGA grant 1/0036/23
and the third author was supported also by SAIA fund.

References

1. Durante, F., Sempi, C.: Principles of Copula Theory. CRC Press, New York (2016)
2. Joe, H.: Multivariate Models and Dependence Concepts. Chapman & Hall, London

(1997)
3. Nelsen, R.B.: An Introduction to Copulas. 2nd edn. Springer Science & Business

Media, New York (2006)



Book of Abstracts � ESCIM 2025 62

Some notes on permutation-equivariant

decomposition integrals
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Abstract: Non-linear integration is a powerful tool in mathematics with appli-
cations in multicriteria decision-making and image processing. While symmetric
aggregation functions simplify computations [2], they often fail to capture real-
world complexities. To address this, we propose a symmetry framework based on
permutations, called permutation-equivariant functions, within the framework of
aggregation functions to better re�ect relationships between criteria or values.

Since decomposition integrals [1] are aggregation functions, we can examine
the property of permutation-equivariantness in their framework. Decomposition
integrals are built upon decomposition systems H which are non-empty sets
of collections, where a collection is any non-empty subset of 2X \ {∅}, where
X = {1, 2, . . . , n} for some n ∈ N. For a decomposition systemH and a monotone
measure µ, i.e., a grounded non-decreasing set function on 2X , we de�ne the
decomposition integral by

decµH(x) =
∨

D∈H

∨{∑
A∈D

αAµ(A) :
∑
A∈D

αA1A ≤ x, αA ≥ 0 for A ∈ D
}
,

for all inputs x ∈ [0,∞[n, where 1A denotes the indicator vector of the set
A ⊆ X.

In the work, we establish conditions on decomposition systems and monotone
measures under which the decomposition integrals are permutation-equivariant
aggregation functions. Furthermore, potential applications of such integrals are
proposed and explored in the context of image processing, particularly addressing
the problem of edge detection.

Keywords: permutation-equivariant functions · aggregation functions · decom-
position integrals
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Vertical sum of concept lattices via bonds
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Abstract: Formal concept analysis provides a signi�cant procedure to aggregate
(relational) datasets based on bonds, without altering the original information.
This paper studies this procedure for aggregating fuzzy formal contexts, with a
view to obtaining a vertical sum of the corresponding concept lattices.

Keywords: Formal concept analysis · bonds · multi-adjoint framework ·
vertical sum
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Bipolar max-product fuzzy relation

equations with �oor negation
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Abstract: This paper introduces the concept of �oor negation, which is a mod-
i�cation of a negation operator so that it only applies below a certain threshold
and takes the value 0 above that threshold. Then, bipolar max-product fuzzy
relation equations with �oor negation are studied. In particular, we present a
simple characterization of their solvability and we characterize the existence of
maximal and minimal solutions.

Keywords: Bipolar fuzzy relation equation · Max-product composition · Invo-
lutive negation
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New Simpli�cation Rules for Databases

with Positive and Negative Attributes

Domingo López-Rodríguez1, Manuel Ojeda-Hernández2

and Carlos Bejines1
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Abstract: This keywork summarises the �ndings in the recently published pa-
per �D. López-Rodríguez, M. Ojeda-Hernández, and C. Bejines. New Simpli�ca-
tion Rules for Databases with Positive and Negative Attributes. In: Mathematics
13.2 (2025)�. This paper builds upon prior work to propose new logical equiv-
alences for managing mixed implications in databases, introducing an iterative
method for simpli�cation that delivers concise and e�cient results.

Formal Concept Analysis (FCA) revolves around the concept of a formal
context, denoted as K = (G,M, I), where G is a set of objects, M a set of at-
tributes, and I ⊆ G × M the incidence relation specifying which objects have
which attributes. In this work, a closed-world assumption is adopted, meaning
that if (g,m) /∈ I, it is explicitly known that object g does not possess attribute
m. Mixed attributes are introduced by considering both M , the set of positive
attributes, and M = {m | m ∈ M}, the set of negative attributes, where m indi-
cates the absence ofm. Derivation operators ↑ : 2G → 2M∪M and ↓ : 2M∪M → 2G

are de�ned as X↑ = {m ∈ M | gIm for all g ∈ X} ∪ {m ∈ M | gI̸ m for all g ∈
X} and Y ↓ = {g ∈ G | gIm for all m ∈ Y } ∩ {g ∈ G | gI̸ m for all m ∈ Y }.

Mixed implications, under this point of view, are expressions A → B where
A,B ⊆ M ∪M . An implication A → B is valid in K if B ⊆ A↓↑. The Simpli�ca-
tion Logic for Mixed Attributes [1] provides axioms and inference rules to reduce
redundancy in these implications. Main rules include Re�exivity (A → A), Aug-
mentation (A → B ⊢ AC → BC), Simpli�cation (A → B,C → D ⊢ A(C \B) →
D), Key (A → b ⊢ Ab → M ∪M) and Reduction (Ab → C,Ab → C ⊢ A → C).
These rules enable the construction of simpli�ed and e�cient implicational sys-
tems that preserve the information encoded in the formal context while reducing
computational complexity.

In [3], the authors presented a collection of equivalence rules to simplify mixed
implications, in pursue of less redundant implicational systems. The present work
provides an additional set of equivalence rules which enables a more concise
representation of the implicit knowledge.

Theorem 1 ([2]). Let K = (G,M, I) be a formal context and let A,B,C,D ⊆
MM .
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� If there exists x ∈ A ∩ C, y ∈ B ∩ C with A∖ x ⊆ C ∖ {xy}. Then,
{A → B,C → D} ≡ {A → B,C ∖ x → D}.

� If there exist x ∈ A ∩ C, b ∈ B and d ∈ D such that (A ∖ x)b ⊆ (C ∖ x)d,
then {A → B,C → D} ≡ {A → B,C → D ∖ d}.

� If there exist x ∈ A, y ∈ B such that (A∖ x)y ⊆ C, then

{A → B,C → D} ≡ {A → B,C ∖ x → D ∖ x}.
� If there exist x ∈ A, y ∈ B such that (A∖ x)y ⊆ CD, then

{A → B,C → D} ≡ {A → B,C → D ∖ x}.

Note that, in all cases, the total number of attributes in the implicational
system is reduced as these rules are applied. Thus, their iterative application
de�nes an algorithm for the simpli�cation of mixed implicational systems. The
e�ectiveness of said algorithm is compared to the one that utilizes the rules pre-
sented in [3]. Results show that the proposed algorithm [2] achieves the most
concise systems compared to previous approaches. Due to the trade-o� between
simpli�cation and computational cost, the result of applying only one and two
iterations is also compared to the computation of the whole simpli�cation algo-
rithm.

Acknowledgement: This research is partially supported by the Kempe foun-
dation, the State Agency of Research (AEI), the Spanish Ministry of Science,
Innovation, and Universities (MCIU) and the European Social Fund (FEDER)
through the research projects with reference JCSMK24-0053 (Kempe), PID2021-
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(PID2022-140630NB-I00 funded by MCIN/ AEI/ 10.13039/ 501100011033).
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Formal concept analysis and its fuzzy

extensions for Light-Bot game solutions
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Abstract: Formal Concept Analysis is a set of methods rooted in mathe-
matical lattice theory which organize data based on objects and their common
attributes [1]. Variants of Formal Concept Analysis, including fuzzy extensions,
o�er promising methods to analyze, visualize, and categorize student solutions.
These methods help group solutions into overlapping biclusters (formal con-
cepts) and reveal relationships between attributes [2,3,4,5,6,7,8,9,10,11,12,13].
Recently, we proposed extensions working with formal contexts of heterogeneous
data structures [14,15,16,17].

Computational thinking can be understood as a collection of skills involving
cognitive or thought processes, such as logical reasoning, used to solve problems
and gain a deeper understanding of procedures, either with or without the use
of a computer [18,19].

In [20], we presented the solution implemented to help educators explore
connections between features of students' solution to problem-solving and com-
putational thinking. The framework included tools for visualization and analysis,
enabling the identi�cation of underlying patterns in student solutions. These in-
sights can assist teachers in predicting speci�c student behaviors, addressing
potential errors, and proactively intervening to address misconceptions or im-
prove learning outcomes. Using a dataset of 64 student solutions, we constructed
formal contexts based on extracted attributes. FCA was employed to create con-
cept lattices from binary contexts and derive both standard and fuzzy attribute
implications to uncover attribute dependencies.

In this paper, we will present extended results on whether Formal Concept
Analysis can e�ectively describe and analyze the diverse solutions and attribute
relationships in the educational and computational thinking game Light-Bot.

The analysis highlights several key �ndings. First, the concept lattice for
binary contexts identi�es the largest biclusters, representing groups of similar
solutions. Second, attribute implications provide insights into patterns, such as
solutions with a higher number of executed commands. Finally, fuzzy attribute
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implications reveal characteristics of solutions with ine�ciencies, such as unnec-
essary commands, moves outside the game area, or the use of indirect recursion.
These results o�er a detailed understanding of student behavior and solution
strategies in computational problem-solving tasks.

Keywords: Formal Concept Analysis · Fuzzy extensions · Ligh-bot game ·
Computational thinking
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Abstract: The φ-index of inclusion was presented originally in [6] as a novel
approach to model the inclusion between fuzzy sets and it was extended to
general L-fuzzy sets in [3]. The main di�erence with respect to the existing
approaches in the literature is that the inclusion between fuzzy sets is represented
by mappings, instead of by values in the lattice of truth degrees.

Since this seminal approach [6], many di�erent results have been obtained
to support its use as a good generalization in the fuzzy setting of the classical
inclusion of sets. For example, the φ-index of inclusion is in accordance with
most of the pivotal axiomatic approaches of inclusion measures between fuzzy
sets [2]; the φ-index of inclusion and the φ-index of contradiction [1] can be
used to de�ne a square of opposition, in the line of the Aristotelian one [5];
the mapping that de�nes φ-index of inclusion can be used in a modus ponnens
inference which is optimal with respect to the set of modus ponens de�ned from
residuated pairs [4].

In this talk we go one step further in the research of the φ-index of inclusion
showing that the composition of functions can be used as a suitable conjunction
in the set of indexes of inclusion. It is worth to point out two very interesting
results. The �rst one. Let G be the set of mappings f : [0, 1] → [0, 1] satisfying
that f(x) ≤ x and there exists g : [0, 1] → [0, 1] such that (f, g) is an adjoint
pair. Then, the composition is a G-fuzzy conjunction associated to two residuated
implications denoted↘◦ and↗◦; i.e., (G, ◦,↘◦,↗◦, id) is a birresiduated lattice.

The second result is a representation theorem obtained for biresiduated lat-
tices (which includes the standard residuated lattices) in [0, 1].

Theorem 2. Let ([0, 1], ∗,↗,↘, 1) a biresiduated lattice, then there exists Θ ⊆
G such that ([0, 1], ∗,↗,↘, 1) is isomorphic to (Θ, ◦,↘◦,↗◦, id).

In other words, we can identify each biresiduated lattice in [0, 1] with a
sub-biresiduated lattice of (G, ◦,↘◦,↗◦, id). In particular, any t-norm can be
identi�ed with the composition ◦ in a subset of G.

Keywords: Galois Connections · Inclusion measure · Residuated lattices
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Towards the use of the φ-index of inclusion

for fuzzy reasoning
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Abstract: In this talk we present a novel Fuzzy Inference System (FIS) based on
the f -inclusion [3]. The f -inclusion is a generalization of the notion of inclusion
in Fuzzy Set Theory (FST) in accordance with the pivotal axiomatic approach
of Sinha-Dougherty [2]. The main di�erence with respect to other approaches
dealing with inclusions in FST is that the inclusion is represented by functions
instead of by values in [0, 1]. This functional representation allows to model a
Generalized Modus Ponens based on the f -inclusion [1], which is the the core of
the inference engine of the proposed FIS.

The proposed FIS is supported on a formal semantics where the notions of
models and logical consequence can be formally de�ned. As a result, the FIS
can be considered a formal fuzzy logic systems, which provides reliability and
theoretical grounding. The obtained FIS can be compared with the so-called
Relational FIS, but there are two main di�erences:

� The RFIS require a fuzzy relation to link the universes of X and Y and to
compute the output. In our approach, the connection between universes is
left to interpretations and models. This simpli�es the computation of the
output in our FIS.

� The RFIS require to �x a pair of operators in advance; in general an im-
plication operator and a conjunction operator. However, we do not need to
�x operators in advance, the inference is done directly by a mapping that
represents the inclusion between fuzzy sets.

Under our opinion, these two di�erences make of approach more accesible to
the applied audience.

Keywords: Galois Connections · Inclusion measure · φ-index of inclusion ·
Fuzzy sets · Relational Fuzzy Inference Systems
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